Radial migration of gap-opening planets in protoplanetary disks. II. The
  case of a planet pair by Kanagawa, Kazuhiro D. & Szuszkiewicz, Ewa
ar
X
iv
:2
00
4.
01
06
3v
2 
 [a
str
o-
ph
.E
P]
  8
 M
ay
 20
20
DRAFT VERSIONMAY 11, 2020
Typeset using LATEX twocolumn style in AASTeX63
Radial migration of gap-opening planets in protoplanetary disks. II. The case of a planet pair
KAZUHIRO D. KANAGAWA1, 2 AND EWA SZUSZKIEWICZ2
1Research Center for the Early Universe, Graduate School of Science, The University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
2Institute of Physics and CASA∗, University of Szczecin, Wielkopolska 15, PL-70-451 Szczecin, Poland
(Received; Revised; Accepted May 11, 2020)
Submitted to ApJ
ABSTRACT
When two planets are born in a protoplanetary disk, they may enter into a mean-motion resonance as a
consequence of the convergent planetary migration. The formation of mean-motion resonances is important for
understanding how the planetary systems are shaped in the disk environments. Motivated by recent progress in
the comprehension of the migration of partial gap-opening planets, we have investigated the orbital evolution of
the planet pairs in a wide range of masses and disk propertieswith the aim to find out when the resonance capture
is likely to happen. Using the formula for the migration timescale of a gap-opening planet developed in our
previouswork, we have derived a simple criterion that allows us to predict when themigrationwill be convergent
(divergent). Further, we have verified the criterion using two-dimensional hydrodynamic simulations. We have
found that the resonant pair of planets formed at the early phase of evolution can depart from the resonance at
later times because the migration speed of the outer planet slows down due to the gap formation. Moreover,
adopting our formula of the migration timescale, we have also carried out three-body simulations, which confirm
the results of hydrodynamic simulations. Finally, we have compared our predictions with the observations,
selecting a sample of known two-planet systems.
Keywords: planet-disk interactions – accretion, accretion disks — protoplanetary disks — planets and satellites:
formation
1. INTRODUCTION
Planets are born in the protoplanetary gaseous disks.
Their gravitational interaction with the surrounding gas re-
sults in the radial orbital migration of planets within the
disk (e.g., Lin & Papaloizou 1979; Goldreich & Tremaine
1980). When a planet is small enough, its migration is de-
scribed by the linear theory and is known as type I mi-
gration (e.g., Tanaka et al. 2002; Paardekooper et al. 2010).
A large planet is able to form a density gap along with
its orbit, due to strong gravitational disk–planet interac-
tions. Its motion deviates from the type I migration
due to the gap formation (e.g., Lin & Papaloizou 1986;
Nelson et al. 2000; Crida & Morbidelli 2007; Edgar 2007;
Duffell et al. 2014; Du¨rmann & Kley 2015; Dong & Dawson
2016; Du¨rmann & Kley 2017; Kanagawa et al. 2018).
Corresponding author: Kazuhiro D. Kanagawa
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In the ideal case, in which the gap is very deep and no gas
is able to pass through the gap, the planet migrates with the
viscous drift rate, which is referred to as type II migration
(e.g., Lin & Papaloizou 1986; Armitage 2007). However,
recent hydrodynamic simulations (e.g., Duffell et al. 2014;
Du¨rmann & Kley 2015, 2017) have shown that in general,
the gap-opening planet is not locked into the viscous evo-
lution of the gas, which means that the migration of such
a planet differs from the “classical” picture of type II mi-
gration. For this reason, Kanagawa et al. (2018) (hereafter
Paper I) have carried out hydrodynamic simulations for var-
ious planet masses, disk aspect ratios, and viscosities, and
found that the torque exerted on the planet is roughly propor-
tional to the gas surface density at the bottom of the gap. This
fact indicates that the migration of the gap-opening planet
simply slows down due to the reduction in the amount of gas
in the vicinity of the planet in the process of gap formation.
In Paper I, we provide the empirical formula for the migra-
tion speed, which can be applied for both the small planet mi-
grating in the linear regime and the gap-opening planet. Our
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formula is able to reproduce reasonably well the migration
speed given by hydrodynamic simulations done by us and
the authors of the previous studies (i.e., Duffell et al. 2014;
Du¨rmann & Kley 2015).
The gravitational interaction of two planets with the disk
and with each other may lead to a mean-motion resonance
capture (e.g., Kley et al. 2004; Papaloizou & Szuszkiewicz
2005; Quillen 2006; Raymond et al. 2008; Rein 2012a;
Ogihara & Kobayashi 2013; Migaszewski 2015). In the
mean-motion resonance, the orbital periods of the planets
are related to each other as the ratio of two small integers,
namely Pout/Pin = (p + q)/p, where Pin and Pout are the
orbital periods of the inner and outer planets, respectively,
and p and q are small integers. For instance, the planetary
system of Gliese 876 is one of the most studied system, con-
taining planets in a 1:2:4 Laplace resonance (Marcy et al.
2001; Rivera et al. 2010). Many pairs of extra-solar plan-
ets in the mean-motion resonance have been confirmed
in extra-solar planetary systems (e.g., Vogt et al. 2005;
Lee et al. 2006; Correia et al. 2009; Robertson et al. 2012;
Giguere et al. 2015; Goz´dziewski et al. 2016; Trifonov et al.
2017; Migaszewski et al. 2017). On the other hand, Kepler
mission has discovered a number of multiple planetary sys-
tems composed of close-in super-Earths. The period ratios
of the planet pairs observed in these systems are broadly dis-
tributed. This distribution is overall smooth, but it shows
some particular features around some values of the period
ratio as e.g., 1.5 and 2.0 (Lissauer et al. 2011; Fabrycky et al.
2014). The interpretation of these features is under investiga-
tion and requires taking into consideration both the evolution
before and after the disk dispersal.
The formation of a planetary system composed of close-
in small planets has been investigated in many previous
studies using N-body simulations with the incorporated dis-
sipative forces due to the disk–planet interaction incorpo-
rated. The broad distribution of the period ratio given by
the observations can be reproduced by the dynamical in-
stability taking place after the depletion of the gas in the
disk (e.g., Matsumoto et al. 2012; Hansen & Murray 2013;
Cossou et al. 2014; Ogihara et al. 2015; Izidoro et al. 2017;
Ogihara et al. 2018). However, these previous studies used a
migration formula for planets that do not open a gap given
by, e.g., Tanaka et al. (2002) and Paardekooper et al. (2010).
The onset of the dynamical instability is closely connected
to the configuration of the planetary system, which is the
outcome of the planetary migration within the gaseous disk.
Hence, a realistic model of the planetary migration is essen-
tial for those studies. It indicates that when considering the
formation of the close-in planets, we have to take into ac-
count the effects of the gap formation on the migration, even
if the planet mass is as small as that of a super-Earth. The
systematic survey of hydrodynamic simulations in a broad
parameter range done in Paper I has revealed that the mass
of a gap-forming planet becomes smaller as the disk aspect
ratio decreases.
Baruteau & Papaloizou (2013) (hereafter BP13) have re-
ported the intriguing evolution of planetary pairs consisting
of two shallow gap-forming planets. They have shown that
even if the planet pair migrates with its period ratio decreas-
ing in time (convergent evolution) and capture into mean-
motion resonance happens, the planet pair can depart from
the resonant position during further evolution in the disk.
While the planet pair is leaving resonance, its period ratio in-
creases with time (divergent evolution). The conditions when
the transition from the convergent to the divergent evolution
takes place are not fully understood, especially because there
might be more than one mechanism responsible for this ef-
fect as discussed in BP13. Here we investigate this problem
further by taking advantage of our most recent results on the
migration of a single gap-forming planet. The formula pro-
vided in Paper I appears to be very helpful in understanding
the attainment and maintenance of orbital resonances by mi-
grating shallow gap-forming planets.
In this paper, we examine the migration of the planet
pairs and the formation of mean-motion resonances, using
our simple empirical formula and verify the results by two-
dimensional hydrodynamic simulations and three-body sim-
ulations. In Section 2, we briefly summarize the result in
Paper I – the formula for the migration timescale of a sin-
gle gap-opening planet. Moreover, in the same section, we
describe the prediction of the orbital migration of the planet
pair from our formula for the migration timescale of a single
gap-opening planet. Actually, this prediction agrees reason-
ably well with the results of our hydrodynamic simulations.
In Section 3, we describe the setup of our hydrodynamic sim-
ulations. Then, we present the results of the hydrodynamic
simulations of the planet pair evolution in the disk and dis-
cuss the condition for the divergent evolution, comparing the
outcome of the simulations with the prediction from our for-
mula for a single gap-opening planet. In Section 4, we de-
scribe a method for the three-body simulations implement-
ing our formula for the migration provided in Paper I. In the
same section, we present the typical cases of the three-body
simulations and the results of our survey in a broad range of
masses of the planets. Section 5 contains a discussion, as
well as a comparison with observations, and in Section 6 we
summarize our results.
2. EMPIRICAL MODEL FOR THE GAP-OPENING
PLANET
2.1. Formula for a single planet
In this section, we briefly summarize the results of
Paper I and present our empirical formula for the migra-
tion timescale of a single gap-opening planet. In Paper I,
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we have found that the torque exerted on the planet in
steady state is roughly proportional to the gas surface den-
sity within the bottom of the gap. According to the previous
studies (e.g., Duffell & MacFadyen 2013; Fung et al. 2014;
Kanagawa et al. 2015), the surface density within the bottom
of the gap is given by
Σmin
Σun,p
=
1
1 + 0.04K
, (1)
K =
(
Mp
M∗
)2(
hp
Rp
)−5
1
α
, (2)
whereMp andM∗ are the masses of the planet and the central
star, respectively, and Rp is the orbital radius of the planet.
The disk scale height is represented by h, and ΩK and Σun
indicate the Keplerian angular velocity and the unperturbed
surface density, respectively. Hence, the results of our hy-
drodynamic simulations performed in Paper I indicate that
the torque exerted on the planet in steady state can be given
by ∼ (Σmin/Σun,p)Γ0(Rp), where Γ0 is defined by
Γ0(R) =
(
Mp
M∗
)2(
h
R
)−2
ΣunR
4Ω2K. (3)
On the basis of these results, we have given in Paper I the
empirical formula of the migration timescale in steady state
in the form
τa = −
1 + 0.04K
γL + γc exp (−K/Kt)
τ0(Rp), (4)
where τ0 is defined by
τ0(R) =
R2ΩKMp
2Γ0
. (5)
The Lindblad and corotation torques normalized by Γ0 are
represented by γL and γC . In the locally isothermal case, γL
and γC are described by (Paardekooper et al. 2010),
γL = − (2.5− 0.1s+ 1.7β) b
0.71, (6)
γC = 1.1 (1.5− s) b+ 2.2βb
0.71
− 1.4βb1.26, (7)
where b = 0.4hp/ǫ and ǫ is the softening length for the plan-
etary gravitational potential (see below Equation (12)), and
s ≡ −d lnΣun/d lnR and β ≡ −d lnT/d lnR. We define
the flaring index in the form f ≡ d ln(h/R)/d lnR, which is
related to β as follows: β = −2f + 1. In this paper, we will
consider mostly the case of the disks with a constant aspect
ratio, for which f = 0. The value of Kt is related to the gap
depth for which the corotation torque is ineffective and may
be taken to be equal to 20 (see Section 5.1 of Paper I).
When the planet is small, which means 0.04K ≪ 1 (or
K ≪ 25), the migration timescale is inversely proportional
to the mass of the planet. On the other hand, when the planet
is large andK ≫ 25, the migration timescale in steady state
is proportional to the mass of the planet. Hence, if for sim-
plicity, we ignore in Equation (4) the effect of corotation cut-
off (which is related to Kt): thus, the migration timescale is
the shortest when the planet mass is equal to Mp,trans given
as follows:
Mp,trans
M∗
= 8× 10−5
( α
10−3
)1/2(hp/Rp
0.05
)5/2
. (8)
When the planet mass is larger than Mp,trans, the migration
of the planet slows down due to the gap formation in such a
way that for more massive planets the migration is slower. It
is worth noting that in the inner region of the disk,Mp,trans is
small due to a small disk aspect ratio. For instance, assuming
M∗ = 1M⊙ and h/R = 0.03 at around R = 1 AU, we
obtainMp,trans = 7.4(α/10
−3)1/2M⊕. This example shows
clearly that for a relatively small value of α (e.g., 10−3), the
gap can affect the planetary migration, even if the mass of the
planet is of the size of a super-Earth.
Before the gap structure becomes stationary, the migration
of the planet can be faster than the saturated value given by
Equation (4). In Paper I, using the simple model of the expo-
nential time variation, we have provided the formula taking
into account the time variation as
τa = −
1 + 0.04K [1− exp (−t/tgap)]
γL + γc exp (−K/Kt)
τ0(Rp), (9)
where the gap-opening timescale (tgap) may be given as fol-
lows:
tgap = 2.4× 10
3
(
Mp/M∗
10−3
) (
hp/Rp
0.05
)−7/2 ( α
10−3
)−3/2
t0,
(10)
where t0 = 2π/ΩK,p. Equation (9) gives a rough fit to the
time variation of the migration speed of a single planet ob-
tained in the hydrodynamic simulations, before it reaches the
steady-state value (see Section 5.2 of Paper I).
2.2. Prediction of the orbital evolution of a planet pair
Here we consider the radial migration of a planet pair in
a protoplanetary disk. In the following, the subscripts ’in’
and ’out’ indicate the values of the inner and outer planets,
respectively. The time variation of the period ratio of the
planet pair (Pout/Pin) is described by
∂
∂t
(
Pout
Pin
)
=
3
2
ΩK,in
ΩK,out
(
τ−1a,in − τ
−1
a,out
)
. (11)
When the period ratio of the planet pair decreases with time
(convergent evolution), it is obvious that, if the planets mi-
grate inwards, the migration timescale of the inner planet is
longer than that of the outer planet, namely τa,in > τa,out.
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Figure 1. The ratio of τa,in to τa,out obtained from Equation (4),
when hp = 0.05, and α = 10
−3 (which are assumed to be constant
throughout the disk). We set Rp,in = 1 and Rp,out = 1.6 in the
figure. The vertical and horizontal dotted lines denote theMp,trans
given by Equation (8). If τa,in/τa,out > 1, the evolution of the
period ratio of the planet pair would be convergent, while it would
be divergent if τa,in/τa,out < 1.
On the other hand, when the value of Pout/Pin increases with
time (divergent evolution), then τa,in < τa,out.
Note that for the steady-state viscous accretion disks with a
constant hp/Rp, the surface density of the unperturbed disk
is given by Σ ∝ R−1/2 and the migration timescale is in-
dependent of R. This means that the ratio of the migration
timescales is also independent of R. However, because the
ratio of the migration timescales depends on R in general,
we specify the planet locations whenever it is relevant.
In this subsection, we consider the case where two planets
stay close to 2:1 mean-motion resonance, one of the config-
urations of interest. Thus, Rp,in = R0 and Rp,out = 1.6R0
in the rest of this section. In Figure 1, we present the val-
ues of τa,in/τa,out calculated from Equation (4) for the most
interesting ranges of masses of the inner and outer planets,
when α = 10−3 and hp/Rp = 0.05 are constant throughout
the disk. The particular role in making the prediction for the
ratio of the migration timescales plays the value of the partic-
ular mass, namelyMp,trans, which tell us what is the value of
mass of the planet where the transition from type I migration
to the gap-opening planet type migration takes place. The
whole plane defined by the inner planet mass versus outer
planet mass can be divided into four domains using two lines
ofMp,in = Mp,out andMp,in/Mp,trans = Mp,trans/Mp,out.
Along these lines, τa,in = τa,out.
When the masses of both planets in the pair are smaller
than Mp,trans (which is around 10
−4 in the case presented
in Figure 1), the migration of the planets can be described
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Figure 2. The same as Figure 1, but for the case with h/R = 0.03.
by the type I formula. It is evident from Figure 1 that
the simple expression in Equation (8) provides a good ap-
proximation to the actual value of Mp,trans. In this case,
only when Mp,out > Mp,in, the outer planet can catch
up with the inner planet, and thus the planet pair can be
locked in the resonance. When Mp,in > Mp,trans but
Mp,out < Mp,trans, only the migration of the inner planet
slows down, whereas the outer planet migrates in the type I
regime. Hence, the planet pair can enter the resonance when
(Mp,in/Mp,trans) > (Mp,trans/Mp,out). Similarly, when
Mp,in < Mp,trans, the planets in the pair can be captured into
resonance if (Mp,in/Mp,trans) < (Mp,trans/Mp,out). When
the masses of both the inner and outer planets are larger than
Mp,trans, the migration of the planets slows down accord-
ing to their mass, the more massive planets are slowed down
more. Hence, the migration of the outer planet is faster than
that of the inner planet whenMp,in > Mp,out.
Observations of exoplanets have revealed a number of
close-in super-Earths. These planets would experience the
radial migration in the inner region of the protoplanetary disk
at the early phases of the evolution. As mentioned above, the
migration of the low-mass planets can slow down due to the
gap formation (see Equation (8)) when the disk aspect ra-
tio is small. In the case of hp/Rp = 0.03 and α = 10
−3,
Figure 2 illustrates τa,in/τa,out calculated from Equation (4).
The overall picture is almost the same as in Figure 1, but the
range of masses is scaled down to the mass range including
super-Earths.
We should note that Equation (4) can reproduce the mi-
gration speed of the planets obtained in the hydrodynamic
simulations, with the accuracy within a factor of 2 – 3 (see
Figure 8 in Paper I). As a consequence, the above prediction
would not be accurate when τa,in ∼ τa,out. Nonetheless,
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when τa,in ≫ τa,out or τa,in ≪ τa,out, the above discus-
sion is useful to understand the orbital migration of the planet
pairs.
3. HYDRODYNAMIC SIMULATIONS
As discussed in the previous section, we may be able to
predict the orbital evolution of the planet pairs, using Equa-
tion (4). In this section, we carry out hydrodynamic simula-
tions of the planet pairs in order to confirm the validity of the
prediction made in the previous section.
3.1. A brief summary of our computational setup
We use the two-dimensional numerical hydrodynamic
code FARGO 1 (Masset 2000) to simulate the evolution of
two planets in a protoplanetary disk. Basically, the numeri-
cal method and setup are the same as in Paper I, except that
now there are two planets in the disk instead of one. Here,
we briefly summarize the setup of our hydrodynamic simula-
tions.
We assume a geometrically thin and non-self-gravitating
disk. We use a two-dimensional cylindrical coordinate sys-
tem (R, φ), and its origin is located at the position of the cen-
tral star. The surface density is represented by Σ and the
velocities in the radial and azimuthal directions are denoted
by (vR, vφ). We adopt a simple, locally isothermal equation
of state, and the temperature does not depend on time.
The gravitational potential Ψ is given by
Ψ =−
GM∗
R
−
2∑
k

 GMp,k[
R2 + 2RRp,k cos (φ− φp,k) +R2p,k + ǫ
2
]1/2


+
2∑
k
[
GMp,k
R2p,k
R cos (φ− φp,k)
]
, (12)
where G is the gravitational constant, M∗ is the mass of the
central star, and Mp,k is the mass of the inner (k = 1) and
the outer (k = 2) planets, which are located at (Rp,k,φp,k),
respectively. The softening length is denoted by ǫ. The first
and second terms in equation (12) are the gravitational po-
tentials of the planet and the central star, respectively. The
third term is an indirect term that reflects the fact that the
coordinate system based on the central star is not inertial.
The softening length ǫ in the gravitational potential given
in equation (12) is set to 0.6 times the disk scale height at
the location of the planet. Considering the existence of the
circumplanetary disk, we exclude 60% of the planets’ Hill
radius when calculating the force exerted by the disk on the
1 See http://fargo.in2p3.fr/
planet, following BP13. We use an arbitrary value R0 as a
unit of distance and M∗ (the mass of the central star) as a
unit of mass. The masses of the central star and the planet
pair are assumed to be independent of time, for simplicity.
In our fiducial setting, the initial orbital radii of the plan-
ets are R0 for the inner and 1.7R0 for the outer planet, re-
spectively. The computational domain is divided equally into
1024 meshes in the radial direction and into 2048 meshes in
the azimuthal direction. Considering the viscous accretion
disk to be in steady state, we assume the initial surface den-
sity distribution to be Σ = Σ0(R/R0)
−1/2. The value of
α is constant throughout the disk. We adopt the so-called
“open” boundary condition in the inner boundary, and at the
outer boundary, the physical quantities are fixed on the initial
values during the simulations. In addition, the wave-killing
zones are set near the inner and outer boundaries (for details,
see Paper I).
In the following subsections, we present the results of our
hydrodynamic simulations. The masses of the planets, the
surface density of the disk, the disk aspect ratio, and the value
of α in each run are listed in Table 1. For reference, in the
table, we list the ratio of τa,in to τa,out calculated from Equa-
tion (4) where Rp,out/Rp,in = 1.6 and Rp,in = R0. As dis-
cussed in Section 2.2, when τa,in/τa,out < 1, the evolution
of a planet pair is expected to be divergent, while it is ex-
pected to be convergent when τa,in/τa,out > 1. In the table,
we also summarize the features of each evolution, which is
determined from hydrodynamic simulations (for details, see
Section 3.3).
3.2. A reference case
3.2.1. The orbital evolution of planets and surface density
distribution in the disks
First, we present the outcomes of hydrodynamic simu-
lations with Mp,in/M∗ = 8 × 10
−5 and Mp,out/M∗ =
3×10−4 when α = 10−3, hp/Rp = 0.05 andΣ0 = 3×10
−4
(Run 1), as a reference case. Figure 3 shows the time varia-
tions of the semi-major axes, the orbital period ratio, the ec-
centricities, and the resonant angles for the 2:1 mean-motion
resonance. In this case, both planets migrate inward as can
be seen in the figure. At the early phase of the evolution
(t . 500 t0), the period ratio decreases, and the evolution of
the planet pair is convergent. Around t = 500 t0, the planet
pair enters into 2:1 mean-motion resonance, and as a result
of this, the eccentricity of the inner planet increases. How-
ever, after t ∼ 1000 t0, the period ratio starts to increase
with time, and the planet pair departs from the resonance po-
sition. As the planet pair leaves from the resonance position,
the eccentricity of the inner planet decreases. The outcome
of this simulation is the divergent evolution of the planets,
which starts at around t ∼ 1000 t0 and lasts until the end of
the calculations.
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Table 1. Parameters and Results of Runs
Label Mp,in/M∗ Mp,out/M∗ Σ0 h/R α τa,in/τa,out
a Evolution Feature b
Run 1 8× 10−5 3× 10−4 3× 10−4 0.05 10−3 0.66 convergent→ divergent
Run 2 8× 10−5 3× 10−4 1× 10−4 0.05 10−3 0.66 convergent→ divergent
Run 3 8× 10−5 3× 10−4 5× 10−4 0.05 10−3 0.66 convergent→ divergentc
Run 4 3× 10−4 5× 10−4 3× 10−4 0.05 10−3 0.63 divergent
Run 5 5× 10−5 8× 10−5 3× 10−4 0.05 10−3 1.43 convergent (3:2 MMR)
Run 6 3× 10−4 1.5 × 10−4 3× 10−4 0.05 10−3 1.59 divergent→ convergent
Run 7 5× 10−4 3× 10−4 3× 10−4 0.05 10−3 1.58 convergent (3:2 MMR) c
Run 8 2× 10−5 1× 10−4 1× 10−4 0.03 10−3 0.61 convergent→ divergent
Run 9 5× 10−5 1× 10−4 1× 10−4 0.03 10−3 0.59 convergent→ divergent
Run 10 2× 10−5 5× 10−5 1× 10−4 0.03 10−3 1.03 convergent (3:2 MMR)
Run 11 1× 10−5 2× 10−5 1× 10−4 0.03 10−3 1.84 convergent (3:2 MMR)
Run 12 1× 10−4 5× 10−5 1× 10−4 0.03 10−3 1.70 convergent (3:2 MMR)
Run 13 5× 10−5 2× 10−4 1× 10−4 0.03 10−2 1.05 convergent→ divergent
Run 14 5× 10−5 8× 10−5 1× 10−4 0.03 10−2 1.36 convergent (2:1 MMR)
Run 15 5× 10−5 1× 10−4 1× 10−4 0.03 10−2 1.42 convergent (2:1 MMR)
aThe ratio of the migration timescales calculated from Equation (4) when Rp,out/Rp,in = 1.6.
bA feature of the evolution of the planet pair given by our hydrodynamic simulations. The detailed description is in Section 3.3.
cGaps are (partially) merged.
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Figure 3. The orbital evolution in the case of Run 1 (Mp,in/M∗ = 8 × 10
−5, Mp/M∗ = 3 × 10
−4 and h/R = 0.05 and α = 10−3,
Σ0 = 3× 10
−4). From the left, the time variations of the semi-major axes of the inner and outer planets (ain and aout, respectively), and their
period ratio, the time variations of the eccentricities of the inner and outer planets, and the resonant angles relevant to the period ratio of the
planet pair are shown, where λ and ω denote the mean longitude and longitude of periastron.
Figure 4 shows the time variations of the migration
timescale of the inner and outer planets. In the early phase
of the evolution from the beginning until t = 500 t0, the mi-
gration timescale of the outer planet is shorter than that of
the inner planet. After t = 500 t0, the migration timescale
of the outer planet becomes longer, and finally, the migration
of the outer planet is slower than that of the inner planet at
around t = 1000 t0. Although the migration timescale of
the inner planet is affected by the planet–planet interaction
around t = 500 t0, it does not change that much during the
whole simulation. It is reasonable to consider that the tran-
sition from the convergent to divergent evolution originates
from the slowdown of the migration of the outer planet.
3.2.2. Effects of planet–wake interactions
BP13 reported a few cases of the evolution of a pair of
planets in a protoplanetary disk, in which the transition from
the convergent to the divergent evolution occurs, in a similar
way to what has been shown in Figure 3. They have argued
the possibility that this transition is caused by the planet–
wake interactions, when the density waves launched by the
one of the planets penetrate into the co-orbital region of the
other planet. A convincing argument in favor of this mech-
anism has been provided by their simulations in which the
planet–planet interaction is turned off, and the transition from
the convergent to the divergent evolution still takes place. In
order to identify the reason for the transition in our case,
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which differs from that of BP13 not only in the masses of
the planets and the disk parameters, but also in the viscosity
formulation (they have assumed that ν is constant through-
out the disk; instead, our assumption is that α is constant),
we also carried out a hydrodynamic simulation in which the
planet-planet interaction is turned off. 2 In Figure 5, we
compare the time variations of the period ratio and the semi-
major axes of the inner and outer planets when the planet–
planet interaction is taken into account with that when it is
ignored. In the case where the planet–planet interaction is
ignored, the period ratio monotonically decreases and finally
reaches the stationary value of ∼ 1.5. On the other hand, in
the case in which the planet–planet interaction is considered,
the evolution of the planet pair is convergent until the period
ratio reaches the value of ∼ 2.0 and after that, it becomes di-
vergent. Hence, in the case of Run 1, the planet–planet inter-
action plays an important role in making the transition from
the convergent to the divergent evolutions to happen. Note
that the period ratio in the case without the planet-planet in-
teraction becomes stationary with the value of 1.5, but it is
not related to the mean-motion resonance (the 3:2 resonance
angles do not librate).
Figure 6 illustrates the two-dimensional distributions of the
surface density in two cases: in the left panel, planet–planet
interaction is considered, and in the right panel, it is ignored.
In both cases, density waves excited by the one of the planets
clearly penetrate into the co-orbital region of the other planet.
In the case where planet–planet interaction is considered, the
gaps in the disk formed by the planets are separated from
each other. On the other hand, in the case where planet–
planet interaction is ignored, the outer planet arrives closer
to the inner planet and two planets form a common gap.
In Figure 7, we compare the migration timescales in the
cases with and without the planet-planet interaction. For ref-
erence, we have carried out additional hydrodynamic simu-
lations with one planet (inner or outer planet only), and we
plot the migration timescales given by these simulations in
the same figure. As can be seen in Figure 7, the migration
timescale of the inner planet is significantly influenced by the
outer planet. In contrast, the migration timescale of the outer
planet is hardly affected by the inner planet. As shown in
Paper I, although themigration speed is fast at the early phase
of the evolution, it decreases later on as the gap opens. The
time variation of the migration timescale of the outer planet
can be explained by the slowdown of the migration due to the
gap formation. In the case where planet–planet interaction is
switched on, one can consider that the transition from the
convergent to the divergent evolution is caused by the slow-
down of the outer planet migration and the slight speed-up of
the inner planet migration due to the planet–planet interac-
tion. In the case where planet–planet interaction is ignored,
the outer planet can move close to the inner planet, and the
2 In our simulations, we do not exclude the indirect term, as it is different
from that of BP13. However, we confirmed that switching on/off the indi-
rect term does not affect the results significantly.
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Figure 6. The two-dimensional distributions of the surface density at t = 500 t0, 1000 t0, and t = 1200 t0 from the top, in the case of Run 1.
In the left panels, the planet-planet interaction is included and in the right panels, it is not included. The two vertical dashed lines indicate the
orbital radii of the inner and outer planets.
planet pair forms the common gap. We further discuss the
effect of the common gap formation in Appendix A.
3.3. Parameter study
In this section, we investigate the cases in which the planet
masses and disk parameters are different from those in the
reference case. First, in Figure 8, we show the orbital evolu-
tions with the same planet masses (Mp,in/M∗ = 8 × 10
−5
and Mp,out/M∗ = 3 × 10
−4), and the same values of
hp/Rp and α as in the reference case (hp/Rp = 0.05 and
α = 10−3), but where the surface density of the disk gas is
smaller (Run 2) and larger (Run 3). In the cases of Run 2
(Σ0 = 1 × 10
−4), the period ratio of the planet pair de-
creases in the early stage, but the planet pair does not enter
any mean-motion resonance. After t ≃ 1500 t0, the period
ratio increases with time, and the evolution becomes diver-
gent. In the case of Run 3 (Σ0 = 5 × 10
−4), the initial
inward migration of the outer planet is fast, and hence, the
outer planet can be closer to the inner planet. As a result, the
planet pair is captured into the 3:2 mean-motion resonance
around t = 300 t0. After t = 300 t0, the period ratio slowly
increases with time, and the eccentricities of the planet de-
crease down to ∼ 10−2, as the gaps open. In this case, as dif-
ferent from the cases of Runs 1 and 2, the gaps formed by the
planets are partially merged because the separation between
the planets is narrower. Due to the effect of gap merging,
the rate of increase of the period ratio is slow, but it can be
considered to be divergent evolution. When the gas surface
density is smaller or larger than that in the reference case, the
evolution of the planet pair is divergent as in the reference
case. This trend is consistent with the prediction described in
Section 2.2, because the ratio of τa,in to τa,out is independent
of Σ0 when f = 0 and s = 0.5.
Figure 9 illustrates the orbital evolutions as shown in Fig-
ure 8 but for the various masses of the planet pair and the
disk parameters (α and h/R). The parameters are listed in
Table 1. We simulated the orbital evolutions of the planet
pair at least until 4000 t0 or until the time when the inner
planet reaches R = 0.5R0. In the case of Run 4, the period
ratio increases during almost the whole simulation time, and
the evolution of the planet pair can be labeled as divergent.
In the case of Run 6, the period ratio decreases with time
after t ≃ 300 t0 and the evolution of the planet pair is con-
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Figure 8. Evolutions of the period ratio of the planet pair (left axis)
and semi-major axes (right axis) in the cases of Run 2 (upper) and
Run 3 (lower).
vergent, while the period ratio decreases in t . 300 t0. Note
that in the case of Run 6, though the evolution is convergent,
the planet pair cannot reach the 2:1 mean-motion resonance
until the inner planet reaches R = 0.4R0. In Runs 9 and 13,
though the evolution of the planet pair is convergent in the
early phase, eventually, the evolution becomes divergent. In
the other cases (Runs 5, 7, 10, 11, 12, 14, and 15), the period
ratio decreases in the early phase, and eventually the planet
pair is captured into the mean-motion resonance. The evolu-
tion features described above are summarized in Table 1 and
we also denote the label on the top of each plot.
We summarize the features of the orbital evolutions given
by our hydrodynamic simulations in Figure 10. In the fig-
ure, we plot a circle for the run in which the evolution of
the planet pair is convergent at the end of the simulation.
A cross in the figure indicates the divergent evolution case.
The color in the figure indicates the ratio of τa,in to τa,out
given by Equation (4), which is the same as in Figure 1, but
the disk parameters are different in the middle and bottom
panels. As can be seen in the figure, all circles are located
within the regions where τa,in/τa,out > 1 (the red filled re-
gion). Most of the crosses are placed within the region where
τa,in/τa,out < 1, except the case of Run 13, for which the mi-
gration timescale ratio is close to unity. Hence, the results of
our hydrodynamic simulations agree well with the prediction
described in Section 2.2.
In the case of Run 13, the value of τa,in/τa,out is slightly
larger than unity (1.05); nonetheless, the evolution of the
planet pair is divergent, which is inconsistent with the pre-
diction of Section 2.2. But, it confirms our statement given at
the end of Section 2.2, that because of the limited accuracy
(within a factor 2–3) of Equation (4) in predicting the mi-
gration timescales, the value of τa,in/τa,out estimated from
Equation (4) is not accurate when τa,in ∼ τa,out. In this
sense, our prediction is not also decisive in the case of Run 10
because τa,in/τa,out = 1.03 in this case, though it looks con-
sistent with our prediction.
3.4. Comparison with the results of BP13
By carrying out two-dimensional hydrodynamic simula-
tions similar to ours, BP13 have shown several examples of
the planetary evolution in the disk, in which the initial con-
vergentmigration changes at a certain point into the divergent
one, and discuss the possible reason for that. In the previous
sections, we have found out that the prediction described in
Section 2.2 agrees reasonably well with the results of our hy-
drodynamic simulations. In this subsection, we compare our
results to those obtained by BP13.
BP13 have presented three typical outcomes of their hydro-
dynamic simulations in Figure 2 of that paper. Those results
were achieved by adopting h/R = 0.05 and ν = 1.1× 10−5
which are constant in the whole computational domain. The
10 KANAGAWA & SZUSZKIEWICZ
0.0 0.5 1.0 1.5 2.0
t/t0 ×10
3
2.0
2.2
2.4
2.6
2.8
3.0
3.2
P
in
/P
o
u
t
Run 4 (divergent)
Pin/Pout
ain
aout
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
P
in
/P
o
u
t
Run 5 (convergent)
Pin/Pout
ain
aout
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
2.10
2.15
2.20
2.25
2.30
2.35
2.40
2.45
P
in
/P
o
u
t
Run 6 (convergent)
Pin/Pout
ain
aout
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
1.4
1.6
1.8
2.0
2.2
P
in
/P
o
u
t
Run 7 (convergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.2 0.4 0.6 0.8 1.0
t/t0 ×10
4
2.00
2.05
2.10
2.15
2.20
2.25
2.30
2.35
P
in
/P
o
u
t
Run 8(convergent → divergent)
Pin/Pout
ain
aout
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
2.12
2.14
2.16
2.18
2.20
2.22
2.24
P
in
/P
o
u
t
Run 9(convergent → divergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.2 0.4 0.6 0.8 1.0
t/t0 ×10
4
1.4
1.6
1.8
2.0
2.2
P
in
/P
o
u
t
Run 10 (convergent)
Pin/Pout
ain
aout
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.2 0.4 0.6 0.8 1.0
t/t0 ×10
4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
P
in
/P
o
u
t
Run 11 (convergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
P
in
/P
o
u
t
Run 12 (convergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
2.1
2.2
2.3
2.4
2.5
2.6
2.7
P
in
/P
o
u
t
Run 13(convergent → divergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
2.00
2.05
2.10
2.15
2.20
2.25
P
in
/P
o
u
t
Run 14 (convergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
t/t0 ×10
3
2.00
2.05
2.10
2.15
2.20
2.25
P
in
/P
o
u
t
Run 15 (convergent)
Pin/Pout
ain
aout
0.6
0.8
1.0
1.2
1.4
1.6
1.8
a
Figure 9. The same as Figure 8, but for Runs 4 – 15.
value ν = 1.1 × 10−5 corresponds to α = 4.5 × 10−3
at R = R0. The mass of the outer planet is set to be
Mp,out/M∗ = 4×10
−4. WhenMp,in/M∗ = 4.4×10
−4 and
Σ0 = 3 × 10
−4 (upper panel of Figure 2 of that paper), the
evolution of the planet pair is convergent at the early stage
of the simulations. However, after several hundred orbits, its
evolution changes to be divergent, and the period ratio in-
creases with time until the end of the simulations, similarly
to the case of Run 1 of our simulations. Now, we can check
what the outcome of these simulations should be accord-
ing to our phenomenological criterion. The ratio of the mi-
gration timescales τa,in/τa,out evaluated from Equation (4)
(Rp,in = 0.6R0 and Rp,out/Rp,in = 1.58 are adopted)
is equal to 0.89. This is less than unity, so our prediction
is consistent with the results of their hydrodynamic simula-
tions. WhenMp,in/M∗ = 2.2 × 10
−4 and Σ0 = 8 × 10
−4,
Equation (4) gives τa,in/τa,out = 0.80 (Rp,in = 0.6R0 and
Rp,out/Rp,in = 1.31, which corresponds to the 3:2 mean-
motion resonance), and hence also in this case, divergent
evolution is predicted. As shown in the lower panel of Fig-
ure 2 of BP13, the evolution becomes divergent at the end of
the simulations, which is also consistent with the prediction
made from Equation (4). When Mp,in = 6.6 × 10
−4 and
Σ0 = 6 × 10
−4 (the middle panel of Figure 2 of BP13), the
value of τa,in/τa,out obtained from Equation (4) is 1.2 and in
the simulations, the period ratio finally reaches 1.67, which
is close to the 5:3 mean-motion resonance. Also in this case,
the prediction from Equation (4) and the result of their simu-
lations are consistent with each other.
In Figure 7 of BP13, they have also shown another two
examples. In that figure, the results for lower mass plan-
ets (Mp,in/M∗ = 4.5 × 10
−5, Mp,out/M∗ = 3.9 × 10
−5),
smaller aspect ratio and viscosity (h/R = 0.023, α =
2.3× 10−3) are illustrated. When the surface density is large
(Σ0 = 8×10
−5), the evolution of the planets finally becomes
divergent (the upper panel), while when the surface density
is small (Σ0 = 3 × 10
−5) the planet pair evolves conver-
gently and is captured into 2:1 mean-motion resonance. With
Mp,in/M∗ = 4.5×10
−5,Mp,out/M∗ = 3.9×10
−5, h/R =
0.023 and α = 2.3 × 10−3, the ratio of the predicted mi-
gration timescale is smaller than unity (τa,in/τa,out ∼ 0.95).
Hence, the evolution of the planet pair is predicted to be di-
vergent, regardless of the value of Σ0. This prediction seems
to be inconsistent with the result in the case of the bottom
panel of Figure 7 in BP13 (the case of small surface den-
sity). This discrepancy may come from the inaccuracy of our
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Figure 10. The types of the orbital evolution of the planet pair
given by our simulations, plotted over the map of the ratio of τa,in
to τa,out calculated by Equation (4) for α = 10
−3, h/R = 0.05
(upper) (for Runs 1, 4 – 7), α = 10−3, h/R = 0.03 (middle) (for
Runs 8 – 12), and α = 10−2, h/R = 0.03 (lower) (for Runs 13–
15). The cross and circle indicate divergent and convergent evolu-
tions, respectively. Note that we do not plot the cases of Runs 2 and
3, because they occupy the same location of Run 1 and indicate the
same feature of the evolution as that of Run 1.
formula for the migration timescale ratios close to unity. Al-
ternatively, in a less massive disk, the speed of the orbital
divergence is small because it is proportional to the migra-
tion speed of the planets. If a longer calculation is done, the
evolution may change to be divergent.
Our prediction described in Section 2.2, except for those
cases where the migration times of both planets are compa-
rable to each other, agrees well with the results of BP13, in
the same way as with the results of our simulations.
3.5. A simple criterion for the divergent evolution
In summary, the results of the hydrodynamic simulations
(both ours and those of BP13) can be easily predicted using
our arguments presented in Section 2.2. It means that we can
have a rough idea of how the planet pair evolves, by compar-
ing their migration timescales calculated from Equation (4).
That is, when the migration timescale of the inner planet
(τa,in) is much shorter than that of the outer planet (τa,out;
both evaluated from Equation (4)), the evolution of the planet
pair is divergent and the period ratio of the planet pair in-
creases with time. On the other hand, when τa,in ≫ τa,out,
the evolution of the planet pair is convergent and the period
ratio of the planet pair decreases with time. This prediction
can explain the results of our hydrodynamic simulations, ex-
cept for the case when τa,in ∼ τa,out. Hence, we can con-
clude that if τa,in ≪ τa,out, the evolution of the planet pair
is divergent and the planet pair cannot be captured into any
mean-motion resonance. On the other hand, when the planet
pair is captured within one of the mean-motion resonances,
it is required that τa,in ≫ τa,out.
It should be noted that in this paper, we focus on the cases
in which planets form (partial) gaps and the cases in which
the mass ratio of the pair does not significantly deviate from
unity, i.e., 0.1 . Mp,in/Mp,out . 10 as can be seen in Ta-
ble 1. In our parameter range, the transition from the con-
vergent to the divergent evolutions can be explained by the
change in the migration speed due to the gap formation, as
summarized above. On the other hand, when the inner planet
is much smaller or larger than the outer one (for instance,
the pair of Jupiter and Earth), the wave lunched by the larger
planet may affect the orbital evolution of the smaller one, as
shown by Podlewska-Gaca et al. (2012). Further investiga-
tion is required for that parameter range.
4. THREE-BODY SIMULATIONS
4.1. Numerical method
As discussed in the previous section, the divergent or con-
vergent character of the planet pair evolution may be pre-
dicted on the basis of the ratio of the relevant migration times
evaluated from Equation (4), with the exception of those
cases when τa,in ∼ τa,out. This gives us the opportunity
to investigate the formation of the mean-motion resonances
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in a broad range of the planet masses, without carrying out
the time-consuming hydrodynamic simulations, by incorpo-
rating our formula for the migration timescale into the three-
body simulations. Accordingly, we carry out three-body sim-
ulations with our formula for the migration timescale im-
plemented into the code REBOUND (Rein & Liu 2012) with
the IAS15 integrator (Rein & Spiegel 2015). We introduce
the dissipative forces into the equations of motion which
mimic the disk–planet interactions (Lee & Peale 2002). We
use τa calculated from Equation (9) which includes the time
variation of the migration timescale given by Equation (4).
When the planet is small enough, the eccentricity-damping
timescale depends on the disk aspect ratio and the migra-
tion timescale, namely τe = c(h/R)
2τa with c = 1.28 (e.g.,
Tanaka & Ward 2004). On the other hand, the time variation
of the eccentricity of the gap-opening planet must be differ-
ent from that of the small planets following the linear theory
(e.g., Goldreich & Sari 2003; Duffell & Chiang 2015). Un-
fortunately, no empirical formula that can be incorporated
into the three-body simulations is available. Due to this fact,
as a simple treatment, we adopt the same expression of τe for
both the small and the gap-opening planets. In Appendix B,
we present the simulations with larger and smaller values of
c and discuss how the evolution of the planet pair is affected
by the choice of this parameter.
The initial positions of the inner and outer planets are set to
be Rp,in/R0 = 1 and Rp,out/R0 = 1.7. The masses of the
planets and the central star do not change in time. The initial
eccentricities of the planets are set to be 0. The distribution
of the surface density is Σ0(R/R0)
−1/2 and the disk aspect
ratio and the value of α are constant throughout the disk, as
in the hydrodynamic simulations presented in Section 3.
4.2. Results of three-body simulations
4.2.1. A typical evolution of a planet pair
First, we show some typical outcomes of our three-body
simulations and compare them with the results of hydrody-
namic simulations with the same parameters. In our three-
body simulations, we obtain the convergent evolution and the
divergent evolution when τa,in ≪ τa,out and τa,in ≫ τa,out,
respectively, exactly the same as in the hydrodynamic simu-
lations.
Figure 11 shows the results of our three-body simulations
with the same parameters (i.e., planet masses and the values
of h/R and α) as those in Run 1 (the result given by our
hydrodynamic simulation is shown in Figure 3). In both the
three-body and hydrodynamic simulations, the period ratio of
the planet pair decreases with time until t ∼ 1000 t0. After
that time, the period ratio increases with time and the evolu-
tion of the planet pair becomes divergent. In this sense, the
three-body simulation reproduce well the feature of the evo-
lution given by the hydrodynamic simulation, though the de-
tails of the evolution are a bit different. This differencemight
have originated from the fact that in the three-body simula-
tion, due to our approximation, the migration velocities of the
inner and outer planets are slightly slower than those given by
the hydrodynamic simulations. However, what is even more
important, the relative migration rate is faster and that is why
the planets passed through 2:1 mean-motion resonance as op-
posed to the hydrodynamic results.
Figure 12 compares the results of three-body simulations
and hydrodynamic simulations, in the case of Run 6. In the
case of the three-body simulation, the period ratio decreases
in time until t ∼ 1000 t0 and then the planet pair is trapped in
2:1 mean-motion resonance. On the other hand, in the case of
the hydrodynamic simulation, the period ratio also decreases
in time, but unfortunately, at the time when our hydrody-
namic simulations ended (at t = 4000 t0), the planet pair still
has not arrived at the location of the 2:1 mean-motion reso-
nance, so more detailed comparison is not possible. How-
ever, there is a significant indication that the planets are ap-
proaching the 2:1 mean-motion resonance, judging from the
behavior of the resonance angle. Therefore, it is likely that
the hydrodynamic and three-body simulations give the con-
vergent evolution and qualitatively agree with each other.
As shown above, our three-body simulations can reproduce
qualitatively the cases of the divergent evolution and con-
vergent evolution given by our hydrodynamic simulations.
Keeping in mind the inaccuracy of Equation (9) and the sim-
ple treatment of the eccentricity damping, it is expected that
the details of the evolutions of the semi-major axes and the
eccentricities of the planet pair in the results of the three-
body simulations and the hydrodynamic simulationsmay dif-
fer. However, both in the three-body simulations and the
hydrodynamic simulations, the evolution of the planet pair
becomes divergent when τa,in ≫ τa,out, and it becomes con-
vergent when τa,in ≪ τa,out.
4.2.2. A parameter survey in a wide range of masses of the planet
pair
Varying the masses of the inner and outer planets in a wide
range with the fixed values of the disk parameters h/R and
α, we examine the period ratios of the planet pairs at the end
of the simulations.
In the following, we calculate the radial migrations of the
planets until the time will reaches the value τa,in evaluated
at the initial position of the inner planet. The semi-major
axis of the inner planet can be given by R0 exp(−t/τa,in)
if the effect of the outer planet is negligible (or the inner
planet is isolated). At t = τa,in (at the end of the simula-
tion), hence, the position of the inner planet is expected to be
Rp,in ≃ 0.36R0. It is sufficiently long in order to examine
the characteristics of the evolutions of the planet pair, which
is convergent or divergent. When the inner planet is strongly
pushed by the outer planet, it reaches the inner part of the
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Figure 11. The results of our three-body simulations when h/R = 0.05, α = 10−3 and Σ0 = 3 × 10
−4. The masses of the inner and
outer planets areMp,in/M∗ = 8 × 10
−5,Mp,out/M∗ = 3 × 10
−4. The gray horizontal line denotes Pout/Pin = 2. The result given by our
hydrodynamic simulation with the same parameters are displayed in Figure 3.
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Figure 12. The results of our three-body simulations (upper panels) and hydrodynamic simulations (lower panels) in the case of Run 6. The
left, middle and right panels indicate the time variations of the semi-major axes and period ratio, the eccentricity, and the resonant angles for
the 2:1 mean-motion resonance, respectively.
disk, namely R = 0.36R0, before t = τa,in. In this case, we
terminate the simulations when Rp,in becomes smaller than
0.3R0.
Figure 13 shows the period ratios of the planet pair at the
end of the three-body simulations when h/R = 0.05 and
α = 10−3. In the calculations presented in this figure, we
adopt Σ0 = 3× 10
−4. WhenM∗ = 1M⊙ and R0 = 10 AU,
this value of Σ0 corresponds to 27 g/cm
2, which is about
half the surface density of the minimum solar nebula disk
at 10 AU. Comparing Figure 13 and Figure 1, we find that
the results of our three-body simulations agree with the pre-
diction in Section 2.2. That is, the evolution of the planet pair
is convergent and the planet pair is locked into the resonance
if τa,in/τa,out < 1. WhenMp,in < Mp,trans, the period ratio
of the planet pair is likely to be 1.6 – 1.5. Only the planet
pair whose masses are similar to each other has the period
ratio close to two. In the case of Mp,in > Mp,trans, on the
other hand, most of the planet pairs are locked into the 2:1
mean-motion resonance if the evolution of the planet pair is
convergent. The capture into the mean-motion resonance is
discussed in Section 5.1.
As discussed in Section 2.2, in the inner region of the
disk with the small disk aspect ratio, the planetary migra-
tion slows down due to the gap formation, even if the planet
mass is in the range of the super-Earth. In Figure 14, we
show the period ratios given by the three-body simulations
adopting Equation (9) when h/R = 0.03, α = 10−3 and the
planet masses are in the mass range (3× 10−6 < Mp/M∗ <
3 × 10−4) including the range of the super-Earth. In this
case, Σ0 = 1 × 10
−4 or 889 g/cm2 (when M∗ = 1M⊙
and R0 = 1 AU) is adopted, which is also about half the
surface density of the minimum solar nebula disk at 1 AU.
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Figure 13. The values of Pout/Pin at the end of the three-body
simulations when h/R = 0.05, α = 10−3 and Σ0 = 3× 10
−4.
10−5 10−4
Mp,in/M∗
10−5
10−4
M
p
,o
u
t/
M
∗
1
.5
1
.6
1
.9
2
.0
2
.1
2
.1
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
P
o
u
t/
P
in
Figure 14. The same as in Figure 13, but in the case with h/R =
0.03, α = 10−3 and Σ0 = 1× 10
−4.
As in the previous calculations presented in Figure 13, also
here when the mass of the inner planet is large enough
(Mp,in > Mp,trans), most of the planet pairs are locked into
the 2:1 mean-motion resonance. On the other hand, when the
mass of the inner planet is smaller than Mp,trans, the planet
pair can easily pass through the 2:1 mean-motion resonance.
5. DISCUSSION
5.1. Capture into the mean-motion resonance
When the evolution of the planet pair is convergent, the
planet pair can be captured into mean-motion resonance.
Ogihara & Kobayashi (2013) investigated the condition for
the capture into first order mean-motion resonance. They
found that when the relative migration timescale is longer
than a critical timescale, the planet pair is captured into that
resonance. This critical timescale is given by
tcrit = C
(
Mp,in
M∗
)−4/3
Ω−1K,in, (13)
where C = 0.27 for the 2:1 mean-motion resonance, and
C = 0.054 for the 3:2 mean-motion resonance, in the case
of Mp,out/Mp,in ∼ 1. When the value of Mp,in/Mp,out is
much smaller or larger than unity, the coefficient of C is
larger. Note that Ogihara & Kobayashi (2013) investigated
the cases of Mp,out/Mp,in < 1. However, we checked that
their results can be extended to the case ofMp,out/Mp,in > 1
(Appendix C). We confirmed that in most cases shown in
Figures 13 and 14, when the planet pair is captured into the
2:1 mean-motion resonance, the relative migration timescale
is longer than the critical timescale. When the planet pair
is captured into the 3:2 mean-motion resonance, the relative
migration timescale is shorter than the critical timescale for
the 2:1 mean-motion resonance, but it is longer than the crit-
ical timescale for 3:2 mean-motion resonance. 3 Hence, we
conclude that the results of our three-body simulations are
consistent with the results of Ogihara & Kobayashi (2013).
The feature of the resonant capture shown in Figures 13
and 14 can be explained by the dependence of the critical
timescale on the mass of the inner planet. According to Equa-
tion (13), the critical timescale becomes shorter as the mass
of the inner planet increases. When Mp,in < Mp,trans, the
planet pair can be captured into 3:2 mean-motion resonance
rather than 2:1 resonance, because the critical timescale for
the 2:1 mean-motion resonance is long in view of the fact
thatMp,in is small. AsMp,in increases, the critical timescale
becomes shorter. Hence, whenMp,in > Mp,trans, the planet
pair has a bigger chance of being trapped in 2:1 resonance
than when Mp,in < Mp,trans (see also Appendix C). Be-
cause of it, in the region whereMp,in < Mp,trans, the planet
pair undergoing the convergent migration is likely to be cap-
tured into 3:2 resonance or other commensurability with the
higher value of integers (as for example 4:3), while when
Mp,in > Mp,trans, it is expected that it will be captured into
2:1 mean-motion resonance.
3 We compute the relative migration timescale by (Rp,in+Rp,out)/(2vrel),
where vrel = Rp,out/τa,out − Rp,in/τa,in. Strictly speaking, the val-
ues of Rp,in and Rp,out at the time when the planet pair passes through
the resonant location are required to compute the above relative migration
timescale. For simplicity, we adopt Rp,in = 1.0 and Rp,out = 1.6,
instead of exact values. This simplification does not change the relative
migration timescale given by three-body simulations, because τa,in and
τa,out are independent ofRwith our disk model (i.e., s = 0.5 and f = 0).
It just slightly affects the critical timescale in ΩK,in.
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Figure 15. Time variations of the migration timescales in the case
of Run 7. The red solid line and blue dashed line denote the re-
sults obtained in hydrodynamic simulations for the inner and outer
planets, respectively, and the gray and black thin lines represent out-
comes of three-body simulations for the inner and outer planets, re-
spectively.
In our hydrodynamic simulations, the mean-motion res-
onance into which the planets are captured is the same as
that obtained in three-body simulations, except for two cases,
namely, Run 7 and Run 12. For instance, in the case of Run 7,
the planet pair is captured into the 3:2 mean-motion reso-
nance as can be seen in Figure 9, while in the three-body
simulations the planet pair ends up into 2:1 mean-motion
resonance as can be seen from Figure 13. Figure 15 shows
the time variations of the migration timescales for the planet
pairs, resulting from hydrodynamic simulations and three-
body simulations, in the case of Run 7. The overall evolution
of the migration timescale in the three-body and hydrody-
namic simulations agrees reasonably well with each other.
The same can be concluded for the relative velocity of the
planet pair, except at the early phase, 400 < t/t0 < 500,
when both the migration of the outer planet and the planets’
relative velocity is fast. During this short phase, the planet
pair passes through 2:1 mean-motion resonance. The differ-
ence in the type of resonance in which planets end up in our
calculations is caused by the described dissimilarities in the
early evolution.
When the mass accretion onto the planet is considered,
the resonant capture can be affected by the change of
the planet mass. Once the mass of the planet reaches
the critical core mass (typically ∼ 10M⊕ (Mizuno 1980;
Kanagawa & Fujimoto 2013)), the planetary mass increases
quickly due to the onset of the runaway gas accretion and
the planet becomes a giant (e.g., Ida et al. 2018; Tanaka et al.
2020). However, the critical core mass can vary up to ∼
50M⊕, depending on the accretion rate of the planetesimals
and opacity of the atmosphere (e,g, Rafikov 2006). More-
over, recent 3D hydrodynamic simulations (Lambrechts et al.
2019) have shown that the quasi-static contraction during the
runaway gas accretion can be much slower than that expected
by 1D models (e.g., Pollack et al. 1996; Hubickyj et al.
2005), when the mass of the planet is smaller than Saturn.
Indeed, a number of exoplanets with an intermediate mass,
namely, 10M⊕ to 100M⊕, have been observed by, e.g., the
Kepler telescope. Such an intermediate mass implies an in-
efficient mass growth. The mechanism of the gas accretion
onto the planet is not fully understood yet as described above.
The mass growth mechanism will be considered in future
work.
5.2. Implication for the formation of planetary systems
As discussed in Section 3.5, we conclude that the transition
from the convergent evolution to the divergent evolution is
caused by the slowdown of the migration speed of the outer
planet due to the gap opening, rather than the planet–wake
interaction and other hydrodynamic effects. Hence, after the
migration reaches the stationary speed, the planet pair can-
not escape from the resonance by this process, if the planet
mass and disk parameters are not changed. However, the
transition from convergent to divergent evolution can occur
when the planet mass increases during the migration. For
instance, in the case ofMp,in,Mp,out > Mp,trans, the diver-
gent evolution can occur when the growth timescale of the
inner planet is longer than that of the outer planet. If the
formation of one planet took place much earlier (later) than
that of another planet, the transition from the convergent to
the divergent evolutions (divergent to convergent evolutions)
may occur. In the inner region of the disk, moreover, as the
value ofMp,trans becomes small because the disk aspect ra-
tio is small, the migration speed becomes slower as the planet
migrates inward. As a result, a transition from the divergent
to the convergent evolutions may happen because the inner
planet slows down due to the gap opening as compared to
the migration of the outer planet. In this case, the planet
pair is captured into the mean-motion resonance, even when
the evolution of the planet pair is divergent in the outer re-
gion. Depending on the distribution of the disk parameters,
the transition from the convergent to the divergent evolution
may be possible by the same mechanism. The condition of
the transition of the migration feature can be obtained from
our migration model given by Equation (4). This effect can
affect the formation of the planet pair in the mean-motion res-
onance including the close-in planets observed by the Kepler
telescope.
Our migration model described in Section 2.2 provides the
condition for divergent evolution, which is consistent with
the results of hydrodynamic simulations as discussed in Sec-
tion 3.5. Our model can also provide the condition for the
convergent evolution, during which the planet pair can be
captured into the mean-motion resonance. As discussed in
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Section 5.1, by combining the critical timescale provided
by Ogihara & Kobayashi (2013), we may be able to pre-
dict in which resonance the planets can be captured. More-
over, as shown by Izidoro et al. (2017) and Ogihara et al.
(2018), the planet pair captured into the mean-motion res-
onance can be unlocked by the onset of dynamical instabil-
ity after the dispersal of the gaseous disk. For the onset of
the dynamical instability, the separation between the planet
pair, which is a consequence of the radial migration, is essen-
tial (e.g., Chambers et al. 1996; Marzari & Weidenschilling
2002; Wu et al. 2019). When the transition from conver-
gent to divergent evolution occurs, the stability of the sys-
tem would be significantly changed. In this sense, our work
would be helpful to explain the observed distribution of the
period ratio. However, our simulation does not take into ac-
count any processes of the dissipation in the gaseous disk.
We also consider only systems with two planets, whereas
in general, exoplanetary systems contain more planets. Be-
cause the stability of the system depends on the number of
the planets (e.g., Chambers et al. 1996; Simbulan et al. 2017;
Matsumoto & Kokubo 2017), it is necessary to consider the
cases with three or more planets to investigate the effects on
stability by incorporating our model into population synthe-
sis calculations, such as Mordasini et al. (2012) and Ida et al.
(2013), which will be done in future works.
We should note that nonisothermal effects are very im-
portant to understand the planetary migration, especially the
type I regime as shown by e.g., Paardekooper et al. (2010);
Bitsch et al. (2015). When the gaps created by each planet
in the pair merge together and form a common gap, the mi-
gration speed of the planets could deviate from that of the
single planet predicted by our model (Equation (4)). As
discussed by Tanigawa & Tanaka (2016), the gas accretion
onto the planet may change the entire structure of the disk,
which should be considered. Moreover, when the orbital
inclination is highly excited by the resonant capture (e.g.,
Thommes & Lissauer 2003; Teyssandier & Terquem 2014),
the migration timescale of the gap-opening planet can dif-
fer from that given by Equation (4). The migration time can
be shorter because the gap is shallower for the planet with
a larger inclination (e.g., Bitsch et al. 2013; Chametla et al.
2017; Zhu 2019), while it can be longer because the disk–
planet interaction itself is weaker as the inclination increases
(e.g., Rein 2012b; Arzamasskiy et al. 2018). The migration
of the gap-opening planet with a finite inclination would be
determined by the balance between the two effects above,
whereas it can be given by Equation (4) when the inclina-
tion is not that large. In this paper, we focus on the evo-
lution of the planet pair whose mass ratio does not differ
much from unity. When the mass ratio is much larger/smaller
than unity, for instance, the Jupiter–Earth system, the planet–
wake interaction may be more effective than that in our
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Figure 16. The period and mass ratios for the inner and outer
planets in the systems, in which only two planets are observed at
present. The red circles indicate systems in which the masses of the
inner and outer planets are smaller than Mp,trans. In order to esti-
mate Mp,trans, we assume α = 10
−3, h/R = 0.03 (if the orbital
radius is smaller than 1AU) and h/R = 0.03(R/1AU)1/4 (if the
orbital radius is larger than or equal to 1AU). The blue diamonds
represent the cases in which both the masses of both the inner and
outer planets are larger than Mp,trans. The green triangles denote
the case in which Mp,in > Mp,trans and Mp,out < Mp,trans, in-
stead the black squares in which in which Mp,in < Mp,trans and
Mp,out > Mp,trans. The horizontal dashed lines indicate fist-order
mean-motion resonances, the 2:1, the 3:2 and the 4:3 commensura-
bilities from the top, respectively. The horizontal dotted lines indi-
cate the location of the 5:3 mean-motion resonance.
cases, as shown by Podlewska-Gaca et al. (2012). The ef-
fect of gas self-gravity can modify the migration velocity
(e.g., Baruteau et al. 2011), and it may change the commen-
surability of a resonance in which the planets are locked
(Ataiee & Kley 2020). However, general trends that we
found in this paper, i.e., the transition of the convergent to
divergent evolutions, the condition of the resonant capture,
qualitatively would not change, though the commensurabil-
ity of the resonance shown in Figures 13 and 14 might be
affected. Further investigation is required for the full under-
standing of the effects of the above processes on the occur-
rence of the resonances in planetary systems.
5.3. Comparison with observations
Using our results, we may check whether we can find in the
observed distribution of the period ratios of the two-planet
systems any characteristic features that originated during the
early phase of the planetary migration. With this scope in
mind, in Figure 16, we plot the relation between the period
ratio and the mass ratio in the observed two-planet systems
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extracted from the NASA Exoplanet Archive 4 (Akeson et al.
2013). We select those systems around a single star, in which
only two planets have been observed until now, in order to ex-
clude additional effects that are important if more planets are
present. For example, in the systems in which there are three
or more planets, the architecture could be significantly af-
fected by the orbital instability. We also excluded planet pairs
in which the mass of either planet is larger than 10MJ . The
selected systems are listed in Table 2 in AppendixD. In draw-
ing Figure 16, we estimate Mp,trans assuming a flaring disk
with h/R = 0.03(R/1AU)1/4 for R > 1AU and a constant
disk aspect ratio with h/R = 0.03 for R < 1AU consider-
ing the disk structure of the inner rim (e.g., Flock et al. 2016;
Ueda et al. 2017). Mp,trans is calculated using the value of
h/R at the location of the inner planet. The adopted value
of the α is 10−3. Because most of the planets are larger than
Mp,trans in the systems shown in Figure 16, the most of the
systems correspond to the case ofMp,in,Mp,out > Mp,trans
(blue diamonds, category 4 in Table 2).
In the case of Mp,in,Mp,out > Mp,trans, our results indi-
cate that when Mp,out/Mp,in < 1, the planet pair is likely
to be captured in the resonance, whereas the planet pair is
unlikely to be captured when Mp,out/Mp,in > 1. As can
be seen in Figure 16, when Mp,out/Mp,in < 1, all blue di-
amonds, except for three systems, are captured into the res-
onance. Those that are not locked in any commensurabil-
ity are the following: HD 45184 (Mp,out/Mp,in = 0.7),
OGLE-2006-BLG-109L (Mp,out/Mp,in = 0.4), and rho CrB
(Mp,out/Mp,in = 0.1). For HD 45184, the mass ratio of
the outer to the inner planets is close to unity, and our pre-
diction is not very accurate in this range of the mass ratio.
For OGLE-2006-BLG-109L, the period ratio is not precisely
known and it can be 1.33 < Pout/Pin < 3.62; hence, it
may be consistent with our prediction. The planetary system
around rho CrB is composed of a Jupiter-mass planet and a
Neptune-size planet. In such a system, planet–wake interac-
tion may affect the orbital evolution of the planets as shown
by Podlewska-Gaca et al. (2012). Alternatively, it may be
formed by trapping the outer planet at the edge of the gap
formed by the inner planet (Pierens & Nelson 2008).
In the case of Mp,out/Mp,in > 1, among the blue di-
amonds in Figure 16, there are two systems close to 2:1
mean-motion resonance. This fact is not in conflict with our
results, because the period ratio can be around two when
Mp,out/Mp,in ∼ 1 and Mp,in,Mp,out > Mp,trans (see the
upper right region of Figure 13). Alternatively, it may indi-
cate the effect of the common gap formation (Appendix A).
Other systems are distributed above the 2:1 mean-motion res-
onance, which are consistent with our results.
4 https://exoplanetarchive.ipac.caltech.edu/
We have found only a few systems in three other categories
defined according to the inner and outer planet mass relation
to the Mp,trans. There is only one system in the category
1: Mp,in,Mp,out < Mp,trans (the red circle in Figure 16),
two systems belong to the category 2: Mp,in > Mp,trans
and Mp,out < Mp,trans (the green triangles) and again only
one is in the category 3: Mp,in < Mp,trans and Mp,out >
Mp,trans (the black square). There is not sufficient statistics
in order to make a decisive conclusion, but these system mi-
gration histories are consistent with our predictions, except
for KOI-1599 (the green triangle at Mp,out/Mp,in = 0.5).
Panichi et al. (2019) have shown that the planetary system of
KOI-1599 can be explained by the migration capture when
the migration timescale of the inner planet is longer than that
of the outer planet. This condition can be satisfied for dif-
ferent disk parameters from those used in drawing Figure 16.
Modeling the migration histories of the individual sources
can be a natural extension of this work.
We should note that the classification shown in Figure 16
depends on the aspect ratio and the viscosity. With smaller
viscosity and h/R, the mass of the planet can be larger than
Mp,trans, becauseMp,trans becomes smaller. In the case pre-
sented here, almost all of the systems are classified as the
category 4, in which Mp,in,Mp,out > Mp,trans (blue dia-
monds). If the viscosity and h/R will be larger, several blue
diamonds can be shifted to another category. However, we
confirmed that the general trend as mentioned above does not
change if a relatively high viscosity (α = 10−2) is adopted.
6. SUMMARY
We have investigated the radial migration of the planet
pairs in the protoplanetary disks by carrying out the hydro-
dynamic simulations and the three-body simulations. Our
results are summarized as follows:
1. The divergent or convergent character of the radial evo-
lution of the planet pair can be roughly predicted by us-
ing the formula of the migration timescale for a single
planet embedded in the disk, given by Equation (4),
as discussed in Section 2.2. If the ratio of the mi-
gration timescales of the inner planet to those of the
outer planet (τa,in/τa,out) is larger than unity, the evo-
lution of the planet pair is expected to be convergent.
If τa,in/τa,out < 1, the evolution of the planet pair is
expected to be divergent. The results of our hydrody-
namic simulations shown in Section 3 agree well with
the above prediction.
2. Even when the evolution of the planetary pair is gen-
uinely divergent, which means that at the end of a suffi-
ciently long calculation the planets migrate away from
each other, the planet pair can enter the mean-motion
resonance before the gap structure reaches steady state.
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In this case, this planet pair can be temporarily locked
into the mean-motion resonance. However, the migra-
tion of the outer planet eventually will slow down due
to the gap formation. As a result, the planet pair leaves
from the resonance position. This transition from con-
vergent to divergent evolution can be explained by gap
formation as discussed in Section 3, rather than by
planet–wake interaction and other hydrodynamic ef-
fects.
3. We have incorporated our migration model given by
Equation (9) into the three-body simulations and ob-
tained the divergent and convergent evolutions of the
planet pairs, under conditions similar to those obtained
from the hydrodynamic simulations (Section 4).
4. Our results indicate that after the gaps reach a station-
ary structure, the planet pair does not escape from the
mean-motion resonance. However, when the masses
of the planet pair increase and the disk parameters
(viscosity and disk aspect ratio) change as the planet
pair migrates, the escape from the resonance can oc-
cur. This effect can contribute to the explanation of
the distribution of the period ratios of the planet pairs
observed by the Kepler.
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APPENDIX
A. COMMON GAP FORMATION
Here we briefly discuss the effect of a merging gap of a planet pair on the evolution of the period ratio. When the gaps merge
together to form a common gap, the depth and width of the common gap is significantly different from those of the gap formed
by a single planet, as shown by Duffell & Dong (2015). In this case, the migration speed of the planet would be different from
that expected from Equation (4). Moreover, it is also possible that the one planet is trapped at the edge of the gap formed by the
other planet (e.g., Pierens & Nelson 2008; Podlewska & Szuszkiewicz 2009; Cimerman et al. 2018).
To show the effect of the formation of the common gap, we carry out the simulations, varying the initial position of the outer
planet, with the same planet masses and the disk parameters (i.e. h/R and α) as those in Run 1. To avoid the initial convergent
evolution, we initially construct the gaps in the disk around the inner and outer planets, using the model of Kanagawa et al.
(2017) (for detail, see Section 4.3 of Paper I). Figure 17 shows the time variations of the period ratio for the simulations with
Rp,out(t = 0) = 1.8R0, Rp,out(t = 0) = 1.7R0, Rp,out(t = 0) = 1.5R0, and Rp,out(t = 0) = 1.3R0. The inner planet is
always placed at R0. As can be seen in the figure, the period ratio increases with time in the cases of Rp,out(t = 0) = 1.8R0 and
Rp,out(t = 0) = 1.7R0. On the other hand, when Rp,out(t = 0) = 1.5R0 and Rp,out(t = 0) = 1.3R0, the period ratios do not
significantly change in time.
Figure 18 shows the radial distributions of azimuthally averaged surface density at t = 1500 t0 for the cases presented in
Figure 17. Since the distance between the inner and outer planets is large enough in the cases of Rp,out(t = 0) = 1.7R0 and
1.8R0, the shapes of the gaps are very similar in those two cases. Instead, in the case of Rp,out(t = 0) = 1.3R0, the inner and
outer planets form the common gap. The case of Rp,out(t = 0) = 1.5R0 is an intermediate case. When the gaps formed by two
planets are not clearly separated, though it is not exactly the value for the mean-motion resonance, the period ratio is not changed
from the initial value. In this case, the inner planet migrates as it is locked into the gap edge.
B. DEPENDENCE ON THE DAMPING TIMESCALE OF THE ECCENTRICITY
Here we discuss the dependence of the orbital evolution on the damping timescale of the eccentricity. We have carried out
the three-body simulations with three different values of c, that is, c = 1.28 (the reference case), c = 10.0 (the case of a long
damping timescale), and c = 0.1 (the case of a short damping timescale). Note that in Section 4, we have adopted c = 1.28.
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Figure 17. The time variations of the period ratio given by the simulations with the initial gap. The initial position of the outer planet
(Rp,out(t = 0)) is different in each run: from the top, the cases of Rp,out(t = 0) = 1.8R0, 1.7R0, 1.5R0, and 1.3R0, respectively.
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Figure 18. The distribution of azimuthally averaged surface density in the same cases as those presented in Figure 17, at t = 1500 t0. The
vertical thin lines indicate the orbital radius of the inner planet in the cases of Rp,out(t = 0) = 1.8R0, 1.7R0, 1.5R0, and 1.3R0, from the left,
respectively.
In Figure 19, we show the time variations of the period ratio and the semi-major axes of the inner and outer planets when
Mp,in/M∗ = 3× 10
−4,Mp,out/M∗ = 5× 10
−4, h/R = 0.05, and α = 10−3. In the case of c = 1.28, the period ratio decreases
with time until t ≃ 2000 t0, and after that, it starts to increase with time and continues like this until the end of the calculations.
When the value of c is much larger than the reference value (i.e., c = 10.0), the time variation of the period ratio is similar to
that seen already in the reference case, though the value of the period ratio at the turnover is a bit different. The time variations
of the semi-major axes of the inner and outer planets are also similar to those in the reference case. On the other hand, if the
value of c is much smaller than the reference value (i.e., c = 0.1), the planet pair is captured into the 3:2 mean-motion resonance.
Hence, the outcome here is different from the cases with c = 1.28 and 0.1. In the case with c = 0.1, the planetary migration
is affected by the strong damping of the eccentricity, and therefore, the time variations of the semi-major axes of the inner and
outer planets are different from those obtained for the smaller values of c. According to the previous studies (Goldreich & Sari
2003; Duffell & Chiang 2015), when the planet forms a deep gap, the disk–planet interactions work to excite the eccentricity of
the gap-opening planet, rather than damping the eccentricity. This means that at least for massive planets which are able to open
such a deep gap in the disk, a long damping timescale of the eccentricity (and the large value of c) may be appropriate.
In Figure 20, we show the period ratios of the planet pairs at the end of the three-body simulations adopting c = 10.0 and
0.1. The other parameters (i.e., masses of the planets and values of h/R and α) are the same as in the calculations illustrated
in Figure 13. In the case of c = 10.0, the distribution of the period ratio is quite similar to that shown in Figure 13 (in the case
of c = 1.28), though in some cases, the lighter inner planet is strongly scattered by the heavier outer planet. On the other hand,
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Figure 19. The time variations of the period ratio (upper panel), the semi-major-axis of the inner planet (middle panel) and the semi-major
axis of the outer planet (lower panel), in the case ofMp,in/M∗ = 3× 10
−4,Mp,out/M∗ = 5× 10
−4, h/R = 0.05, and α = 10−3. The solid,
dashed and dotted lines denote the cases of c = 1.28 (reference), c = 0.1, and c = 10.0, respectively.
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Figure 20. The same as in Figure 13, but c = 10.0 in the left panel and c = 0.1 in the right panel.
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Figure 21. Time variations of a period ratio for various Σ0. In the left panel, Mp,in/M∗ = 2 × 10
−5 and in the right panel, Mp,in/M∗ =
8× 10−4. The mass of the outer planet isMp,out/M∗ = 3.2× 10
−4 in both panels. Other parameters are the same as those in the case shown
in Figure 13. We terminated the simulations when the inner planet reaches 0.3R0.
if c = 0.1, the planet pairs are more likely captured into the 3:2 mean-motion resonance when the outer planet is larger than
Mp,out/M∗ ≃ 1 × 10
−4, as compared with the case of Figure 13. Hence, our results on the period ratios are not significantly
affected by the damping timescale of the eccentricity, unless the damping timescale is very short.
C. CRITICAL TIMESCALE FOR 2:1 MEAN-MOTION RESONANCE
Here we discuss the critical timescale for 2:1 mean-motion resonance capture. For simplicity, we fix the mass of the outer planet
asMp,out/M∗ = 3.2×10
−4. For the mass of the inner planet, we adoptMp,in/M∗ = 2×10
−5 and thusMp,out/Mp,in > 1 in this
case. As a comparison, we also carried out the simulation withMp,in/M∗ = 8×10
−4. In the comparison case,Mp,out/Mp,in < 1
as in Ogihara & Kobayashi (2013) and the migration velocity of the inner planet given by Equation (9) is similar to that in the
case ofMp,in/M∗ = 2 × 10
−5 (τa ≃ 1.3 × 10
5Ω−1K,p when Σ0 = 3 × 10
−4). The disk parameters are the same as those in the
case shown in Figure 13, except Σ0. By changing Σ0, we can look for the critical timescale for the 2:1 mean-motion resonance
(the migration is faster as Σ0 increases as can be seen in Equation 9). Figure 21 shows the time variations of the period ratio for
various Σ0. In the left panel of the figure (Mp,in/M∗ = 2× 10
−5), the planet pair is captured in the 2:1 mean-motion resonance
when Σ0 < 10
−4, and hence the critical timescale is estimated as τa,in − τa,out ≃ 2.3 × 10
5Ω−1K,p, which is consistent with
that given by Equation (13) (it is 4 × 105Ω−1K,p). In the right panel of Figure 21, the threshold of the surface density for 2:1
mean-motion resonance capture is aboutΣ0 = 10
−3. In this case, the critical timescale is estimated by τa,in− τa,out ≃ 10
4Ω−1K,p.
Equation (13) gives 4× 103, which is consistent with our value within the factor of 2 – 3.
As shown above, the critical timescale is shorter as Mp,in increases and Equation (13) can be applicable even when
Mp,out/Mp,in > 1. As the mass of the inner planet decreases, the critical timescale becomes longer. That is, the planet pair
easily passes the 2:1 mean-motion resonance when the inner planet is small. As discussed in Section 5.1, this tendency can
explain the result shown in Figure 13, and the planet pair evolving convergently is likely to be captured into 3:2 (or those with
larger integers, as 4:3 for example) mean-motion resonance when Mp,in < Mp,trans. On the other hand, the most of the pairs
are captured into the 2:1 mean-motion resonance when Mp,in > Mp,trans because the critical timescale is very short due to a
massive inner planet.
D. LIST OF TWO-PLANET SYSTEMS
The planet pairs shown in Figure 16 are listed in Table 2.
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